A method for evaluating characteristics of the scattered radiation emerging from a plane parallel atmosphere containing large spherical particles is described. In this method, the normalized phase function for scattering is represented as a Fourier series whose maximum required number of terms depends upon the zenith angles of the directions of incident and of scattered radiation. Some results are presented to show that this method can be used to obtain reliable numerical values in a reasonable amount of computer time.
Introduction
Reliable evaluation of the characteristics of the radiation scattered by a planetary atmosphere runs into serious difficulties, especially when the atmospheric model under investigation is nonhomogeneous in the vertical and contains particles that are large compared to the wavelength of interest. Basically, the computational problem reduces to that of performing several iterations and that of evaluating several thousands of integrals at each stage of iteration. When the normal scattering optical thickness of the atmosphere is of the order of unity, one may have to deal with data sets consisting of several million words and may have to perform anywhere from two to twenty iterations depending upon the desired accuracy. Even though one might obtain a reliable numerical solution for a single case at the cost of several hundred hours of computer time, the results so obtained are of very little practical value unless further results are also obtained for several hundred other cases generated by varying input parameters.
Thus, it is essential to develop and to use computational procedures which can provide results of highest reliability with a minimum of computer time. Because of this, considerable effort has been directed toward development of acceptable models in which the scattering phase function and/or the vertical nonhomogeneity are so approximated as to permit some analytic reduction.'- 3 However, such attempts have met with only atmosphere without any approximation to phase function and/or vertical nonhomogeneity can be obtained by appealing to Monte Carlo methods. However, because of the excessive computer time requirements, published results 4 -6 are of marginal reliability at the most and fail to throw much light on the effect of multiple scattering on some salient features of the scattering phase function. In fact, it appears that much more reliable results can be obtained by using a straightforward computational method in which all three integrations (over azimuth angle, over zenith angle, and over optical depth) are carried out numerically with rather crude integration increments, e.g., 300 over azimuth. 7 -9 The computational task is considerably simplified by expressing the phase function in the form of a fourier series in terms of the difference between azimuth angles of the directions of incidence and of scattering. When this can be done, integration over azimuth can be carried out analytically. This has been used with great advantage for obtaining numerical solutions to multiple scattering problems in plane parallel, molecular atmospheres where the fourier series can be terminated after the first three terms. When particles large compared to the wavelength of interest are present (Mie scattering if particles are assumed to be spherical), a meaningful representation of the phase function is obtained only after including several tens to several hundreds of terms, depending upon the model. Hence, a Fourier series approach to multiple scattering calculations in the presence of large particles has been generally thought of as unattractive (e.g., Ref 10) . Chandrasekhar" showed that a solution of the equation of transfer for a plane parallel, homogeneous atmosphere can be obtained in the nth approximation by expressing a general phase function in the form of a Fourier series. Twomey et al. 12 used the matrix method (or an equivalent of van 7 has published some results of his extensive computations of radiation emerging from plane parallel, homogeneous Mie atmospheres using Van de Hulst's doubling method. He has expanded the phase function in a fourier series with as many as 180 terms for some models which contain fairly large particles and has used all these terms in his computations.
The purpose of this paper is to show that multiple scattering calculations can be simplified still further by using a modified form of the Fourier series in which advantage is taken of the fact that the maximum required number of terms in the series is also a function of zenith angles of the directions of incidence and scattering. The results of the scattered radiation emerging from homogeneous Mie atmospheres presented here are obtained by using an iterative procedure in which the nth approximation amounts to using up to and including nth orders of scattering. 
Modified Fourier Series for the Phase Function

A. General
Let a direction be represented by its zenith angle 0-[=cos-f,411 and its azimuth angle so referred to an arbitrary verticle plane. Let (p) and (i",so') be, respectively, the directional parameters of the scattered and of the incident radiations. The normalized scattering phase function P[u,,,(o' -so)] for a unit volume containing an arbitrary size distribution of spherical particles of known refractive index can be expressed in the form of a fourier series as follows:
It should be noted that the coefficients F 0 (,u',u) are also functions of the size distribution parameters and the refractive index m of the material of the sphere with respect to its surroundings. N, the maximum number of terms after which the series can be terminated, is approximately 2x 2 + 10, where x 2 is the size parameter of the largest particle in the model (x = 27rr/X, r is radius, and X is the wavelength of the radiation under investigation). For Rayleigh scattering, N = 3 and the coefficients are expressible in terms of ,z and "' as follows:
and F3(A',A) =g(1-U2)(1 -
The highest number of terms ( . 2x 2 + 10) in the series should be required for the case A = .t' = 0, i.e., when one has to make use of the entire phase function curve from scattering angle e = O to e = 1800. 
The parameters of N and F n are changed from gi' and u4 to 0' and 0, respectively, as subsequent multiple scattering calculations are performed with equal increments in zenith angle.
Computation of Fn (O',0) and N(6',0) were carried out for two different size distribution models referred to as haze M and cloud by Deirmendjian.' 0 The size distribution functions and lower (r,) and upper (r 2 ) limits of integration used in these computations are as follows:
haze M1: n(r) = 5.33 X 10 4 r exp [-8.944 (r)il, r = 0.001 u, and r2 = 7.0 p, (6) and cloud: n(r) = 2.373r 6 exp(-1.5r), r = 0. ju andr, = 1 4 .0p.
B. Method of Computations
Values of the normalized phase function at 0.2°i nterval in 0 were first obtained by following a procedure outlined elsewhere.
2 ' An integration increment of 0.1 in x was used for this purpose. Values of Fn (O',O) and N(O',O) were then obtained from these values by following the procedure outlined below:
(1) For a given set of g',j', values of P [uIA', (so' -so) ] for 2 + 1 equally spaced values of so' -so in the range 0°-180° are obtained by linear interpolation. ( 2) The values obtained from step (1) are then used to compute 2J + 1 coefficients of the fourier series using subroutine HARM. (4) After completing the computations for all u combinations, the data is rearranged so as to permit access to all coefficients for a given frequency n by issuing one READ command. 
C. Results
F 0 (6',6 ) for values of 6 greater than 90° can be obtained by making use of the following relationships:
and
D. Comparison with Results for a Single Particle
The results presented in Figs. 2 and 3 are important enough to warrant a further investigation into the causes which lead to such trends. Consequently, after this study was completed, a considerable amount of work was done to compute values of Fn(6', ) and N-(6',6) directly for a single sphere. The results of this later work are presented elsewhere. shape of the N(',6) -6' curve is also dependent upon size distribution parameters.
Ill. Multiple Scattering Calculations
A. Necessary Expressions
The equations for the transfer of solar radiation through a plane parallel, nonabsorbing homogeneous atmosphere of finite optical extent in the vertical, but of infinite extent in the horizontal direction, has the fol owing form":
It is assumed that the atmosphere is illuminated at T = 0 by unidirectional solar radiation of 7rF units per unit area normal to the direction of incidence represented by -osoo. (F is taken to be unity for the computations presented in this paper.) The boundary conditions are (12) I(r,; +±pso) a 0 which means that there is no scattered radiation illuminating the atmosphere from above its top (T = 0), or from below its bottom ( = 7r).
When the findings of Sec. II are substituted in Eq. (11), we have the following expression for the first approximation of the source function given by the first term on the right-hand side of Eq. (11): (13) n=w1 where Jl(n) +g, -go) = Fe-1/-Fn(180O -0,Oo) (14) and Ji(n)(r; -, -) = Fe -/izoFn(090o). 
Equation (16) is arrived at after dividing the homogeneous, nonabsorbing atmosphere into several layers, each of scattering optical thickness ATr. J 1 (n) is the mean value of the source function in the layer bounded by and -Ar or T + AT as the case may be. From Eq. (12) we have,
dI(r;p,) = I(r; ) -J(T;g"P)
, dr (10) where I(T;uso) represents the intensity of the scattered radiation emerging at the optical depth in the direction whose parameters are ,u,so. A minus (plus) sign before A implies that the scattered radiation is propagating downwards (upwards) in the atmosphere. The source function J(T;,so) is given by
Evidently,
The values of I, given by Eq. (18) ... Jm(r; Jpolf) = E Jm.n)(r; h, -o) 
II
and Jm(n)(; ±,t -Po) = Jl(,)(r; +p, -0uo)
The angle brackets around the quantities under the summation sign represent the mean value of the quantity for the interval uj' -At'i+ 1. The subscript i is assumed to increase continuously from unity at zenith (or nadir) to its maximum value at the horizon. The values of the limits, i.e., i(n,6), etc., can be found by consulting variations of N(6',6) vs 6'.
Having obtained values of J 2 (n) (; = ,, -o), the values of I2()(,r; ±au, -Ao) and12(r; 4A,so) can be obtained by making use of the equations obtained after replacing subscript 1 by 2 in Eqs. (16)- (18) . I(T; -Atso) so obtained contains radiation which emerges after suffering up to and including two scatterings.
Equations (20)- (22) and the appropriately modified
B. Computational Details
The equations given in Sec. III.A were used to compute the intensity of the radiation emerging at various levels of a plane parallel, nonabsorbing, Mie atmosphere. For this purpose, the atmospheric model was divided into several layers, each having a thickness The total CPU time required for the entire calculation is about 3 min for 6o = 00, for which it is necessary to compute at one frequency only, and about 13 min for O = 600, for which computations have to be car- 
C. Tests for Reliability
The reliability of the numerical results obtained with the present method can be checked to some extent by comparing the values obtained for a Rayleigh case with those obtained with Chandrasekhar's method" (X and Y functions) where integrations over both optical depth and azimuth are performed analytically. However, the published numerical results using Chandrasekhar's method are for a Rayleigh atmosphere in which the polarization of the scattered radiation is also taken into account, i.e., a phase matrix treatment. Apart from the significant differences between the values obtained with the phase matrix and phase function treatments, reliable comparison is hampered due to the fact that tabulated values are generally not available for the desired parameters. Because of these reasons, radiation emerging from an atmosphere scattering according to a Rayleigh phase function was calculated by modifying a similar Rayleigh phase matrix computer program discussed elsewhere. 2 
5
Some results of a comparison are presented in Table   I for the radiation emerging from the bottom of a Rayleigh atmosphere with T = 1.0 and illuminated by the sun at 860 from the zenith. For a meaningful comparison, it is desirable to select a case like this where the contribution due to higher orders (m > 1) of scattering is at least two to three times that due to primary scattering alone. 26 From Table I it can be seen that numerical solutions of the radiative transfer equation as obtained using the Rayleigh phase matrix (column 3) and the Rayleigh phase function (column 4) can differ by as much as 23% in some cases. Hence, for a meaningful comparison, it is essential to use exactly the same scattering law for all test cases. Because of the differences in quadrature procedures, values given in Table I for Chandrasekhar's method are for the zenith disstances given by 4 and 4o, while those for the method described in this paper are for zenith distances given by 0 
atmosphere as rl is increased from 0.1 to 1.0. A decrease in the value of (r) with r is due to an increase in the reflecting power of the atmosphere with rl. Because of the strong forward peak in the phase function vs scattering angle diagram (Fig. 1) , the reflecting power of a Mlie atmosphere is somewhat smaller than an equivalent Rayleigh atmosphere. For 6 = 600, the mean value of P(T) decreases from about 1.4 to 0.8 for the Rayleigh atmosphere, and from about 1.5 to 1.2 for the Mie atmosphere as 7iis increased from 0.1 to 1.0.
In Table II , we have presented the difference between the maximum and minimum values of (r) for ri = 0.1 and 1.0, and 6o = 0 and 600 when computations are performed with different integration increments in r and . This difference can be thought of as an upper limit of absolute error. When the increment ATr is halved from 0.01 to 0.005,this difference remains unaffected. Furthermore, when a value of 20 for A is used, the highest error of about one part in 300 is en- From the results presented above, we see that use of Ax ` 0.01 and AO G 20 provides numerical results that are reliable to within three significant figures. This finding is valid when the scattering optical thickness is of the order of unity or less, and the phase function is not much more strongly peaked than the one shown in Fig. 1 . For the cloud model [Eq. (7)], it will be necessary to use a value of AO of about 1 or less.
D. Discussion of Results
The expressions given in Sec. III.A were used to compute the intensity of the scattered radiation emerging at the top, at the bottom and at the half-way level of a homogeneous Mie atmosphere whose scattering properties are described in Fig. 1 Because of this, and as the primary purpose of this paper is to put forward a new computational procedure, the discussion of the results will be kept to a bare minimum.
The variations of the intensity of the radiation emerging at the top of the atmosphere are shown in Fig.   5 for -r = 0.1, 0.5, and 1.0 and o = 600. For the vertical plane containing the antisolar point (oo -so = 1800), scattering by a unit volume (broken curve marked P) shows a maximum at 600 preceded as well as followed by a minimum and another equally strong maximum. This is due to the presence of the so-called haze M, X = 0.75 , m = 1.34 -0.0i, Go = 600,
glory feature in the original scattering diagram (Fig. 1 ).
This glory feature stands out very clearly in the intensity distribution of the radiation backscattered by an atmosphere of optical thickness 0.1 in spite of a strong increase in brightness from nadir to horizon. Remnants of the glory can be clearly seen for ri = 0.5 and 1.0 in the forms of sharp changes in the slopes of intensity vs nadir angle curves. When the computations are performed with AO = 100, the individual values so obtained (Tables III and IV) agree within 10% with more exact values obtained with a 2 interval. However, because of the sparseness of the data points, it would be very difficult to identify any glory feature with reasonable confidence when the entire computations are carried out with a 100 angular increment.
Similar results for the intensity of the radiation emerging at the bottom of the atmosphere, but for the sun's vertical plane (soo -so = 0) are presented in Fig.  6 . The important features are the changes in the slope in the forward peak region, and a strong increase in limb darkening as 7, increases from 0.1 to 1.0. Both these features are evidently due to the nature of the phase function. They are completely absent in the characteristics of the radiation scattered by a Rayleigh atmosphere under otherwise similar circumstances.
E. Possible Improvements
The results present presented in Sec. III.C can be used as a guide during thedevelopment of acomputerprogram aimed at obtaining results of desired accuracy with a minimum of computer time. One can further reduce the computational task by relaxing the convergence criterion used in this paper and also by using gaussian quadrature. 6 ", 7 Further computations with r = 1.0 and 2.0 showed that the present convergence criterion is not an ideal one. When the propagation of truncation errors cannot permit the achievement of the desired convergence, further iterations lead to less reliable results. This can be avoided by terminating the itera- One can reduce the computation time still further by making use of a more efficient iteration procedure such as Gauss-Seidel iteration, 2 9 used extensively by Herman and Browning. 8 This was done and it was found that equally reliable results can be obtained with a significant reduction in computer time (Table V) . It should be noted that most of the time is spent in the evaluation of the source function given by Eqs. (20)-(22) . Hence, in order to obtain best timings, it is necessary to define Jm(n) as the value of the source function at the center of the layer. It should be further noted that the computations of the first approximation in the successive scattering method take very little time, while those in the Gauss-Seidel method take a very significant amount.
Still another method of saving computer time is to combine the modified fourier method with Van de Hulst's doubling method."
A considerable amount of computer time can be saved, especially when one is interested in homogeneous atmospheres only. Hansen and Pollack' 0 have also put forward such an idea in the appendix of one of their most recent papers.
Since one is forced to use a fairly large number of points during integration over ', it would be worthwhile to look into the spherical harmonic method" for solution of the transfer equation for a given frequency n. This is a noniterative method and as such its successful use may lead to saving of a substantial amount of computer time. It should be emphasized that all such timesaving alternatives are needed only during computations of 1 (n) (7; hu A, -go) corresponding to the first 10-20 terms of the Fourier series (see Fig. 4 ).
IV. Conclusion
In the preceding sections an efficient computing method that can provide reliable values of the intensity of the scattered radiation emerging from a plane parallel, I\'lie atmosphere is described in great detail. Some results of computations are also presented to demonstrate the efficiency of this method and reliability of results obtained therefrom. This method is very flexible as the magnitude of computational load is automatically adjusted by analyzing the scattering characteristics of a unit volume, and the position of the sun. The only two parameters which an investigator has to vary for results with a minimum of time are the integration increments used for numerical quadrature over optical depth and zenith angle. It should be now possible to perform reliable multiple scattering calculations for various models containing large particles without using an excessive amount of time and money. It is proposed to extend the method described here for calculations aimed at determining the polarization characteristics of the radiation scattered by a plane parallel, Mie atmo-
